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Àííîòàöèÿ
Â ðàáîòå äîêàçàíà ãèïîòåçà Áðåííàíà äëÿ êîíîðìíûõ îòîáðàæåíèé f åäèíè÷íîãî
êðóãà â ïðåäïîëîæåíèè, ÷òî ÷åòíûå êîýèöèåíòû Òåéëîðà óíêöèè ln f ′ óäîâëåòâîðÿ-
þò íåêîòîðîìó óñëîâèþ. Äîêàçàíà òàêæå ñïðàâåäëèâîñòü ãèïîòåçû Áðåííàíà â ñëó÷àå,
êîãäà ñóùåñòâóåò ðàçëîæåíèå óíêöèè 1/f ′ â ðÿä ïðîñòûõ äðîáåé, ïðè óñëîâèè, ÷òî ýòîò
ðÿä àáñîëþòíî ñõîäèòñÿ â íóëå. Êðîìå òîãî, ïîëó÷åíà îöåíêà äëÿ ïðèáëèæåíèÿ óíêöèè
1/f ′ ïðîñòûìè äðîáÿìè.
Êëþ÷åâûå ñëîâà: ãèïîòåçà Áðåííàíà, àïïðîêñèìàöèÿ ïðîñòûìè äðîáÿìè.
Ïóñòü Ω  îäíîñâÿçíàÿ îáëàñòü íà ïëîñêîñòè, ãðàíèöà êîòîðîé ñîñòîèò èç áîëåå
÷åì îäíîé òî÷êè, è ϕ  êîíîðìíîå îòîáðàæåíèå îáëàñòè Ω íà êðóã D = {z : |z| <
< 1}.
Áðåííàíîì [1℄ áûëà âûñêàçàíà ãèïîòåçà î òîì, ÷òî ϕ′ ∈ Lp(Ω) ïðè 4/3 < p < 4 ,
òî åñòü ∫
Ω
|ϕ′|p dx dy <∞, 4
3
< p < 4. (1)
Ïóñòü f : D → Ω  êîíîðìíîå îòîáðàæåíèå åäèíè÷íîãî êðóãà D íà Ω . Â [2℄
áûëî äîêàçàíî, ÷òî ãèïîòåçà Áðåííàíà ýêâèâàëåíòà ñîîòíîøåíèþ
2pi∫
0
∣∣∣∣ 1f ′(reiθ)
∣∣∣∣
2
dθ = O
((
1
1− r
)1+ε)
∀ ε > 0. (2)
Ïîñêîëüêó ãèïîòåçó Áðåííàíà íå óäàëîñü äîêàçàòü ïðÿìûìè ìåòîäàìè ãåîìåò-
ðè÷åñêîé òåîðèè óíêöèè, òî ýòó ãèïîòåçó ñòàëè äîêàçûâàòü äëÿ ÷àñòíûõ ñëó÷àåâ.
Áåðòèëüñîí â ñâîåé äèññåðòàöèè [3℄ èññëåäîâàë ëîêàëüíóþ âåðñèþ ãèïîòåçû Áðåí-
íàíà äëÿ óíêöèé, áëèçêèõ ê óíêöèè Ê¼áå. Â ðàáîòå [4℄ òàêæå áûëà äîêàçàíà
ãèïîòåçà Áðåííàíà â ïðåäïîëîæåíèè, ÷òî f(0) = 0 è òåéëîðîâñêèå êîýèöèåíòû
óíêöèè log(zf ′/f) íåîòðèöàòåëüíû. Ìû æå äîêàæåì ãèïîòåçó Áðåííàíà â ïðåä-
ïîëîæåíèè, ÷òî êîýèöèåíòû ðàçëîæåíèÿ ln f ′ çàäàíû ñïåöèàëüíûì îáðàçîì, òî
åñòü äîêàæåì, ÷òî ñïðàâåäëèâà
Òåîðåìà 1. Åñëè
∞∑
k=0
|a2k|r2k = o
(
ln
1
1− r
)
, r→ 1, (3)
ãäå ak  êîýèöèåíòû òåéëîðîâñêîãî ðàçëîæåíèÿ ln f
′
:
ln f ′(z) =
∞∑
k=0
akz
k,
òî âûïîëíåíî (2) , è, ñëåäîâàòåëüíî, ãèïîòåçà Áðåííàíà ñïðàâåäëèâà.
83
84 Ô.Ä. ÊÀÞÌÎÂ
Äîêàçàòåëüñòâî. Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî f ∈ S .
Çäåñü S  êëàññ ãîëîìîðíûõ è îäíîëèñòíûõ â åäèíè÷íîì êðóãå óíêöèé f ,
èìåþùèõ ðàçëîæåíèå
f(z) = z + c2z
2 + · · · =
∞∑
k=1
ckz
k
Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî
f ′(z) = exp
(
∞∑
k=0
akz
k
)
= exp
(
∞∑
k=0
a2k+1z
2k+1 +
∞∑
k=0
a2kz
2k
)
.
Ïîýòîìó
f ′(−z) = exp
(
−
∞∑
k=0
a2k+1z
2k+1 +
∞∑
k=0
a2kz
2k
)
=
= exp
(
−
∞∑
k=0
a2k+1z
2k+1 −
∞∑
k=0
a2kz
2k + 2
∞∑
k=1
a2kz
2k
)
.
Ïðèíèìàÿ âî âíèìàíèå òî, ÷òî
1
f ′(z)
= exp
(
−
∞∑
k=0
akz
k
)
,
ïîëó÷èì
f ′(−z) = exp
(
2
∞∑
k=0
a2kz
2k
)/
f ′(z). (4)
Èç ðàâåíñòâà (3) ñëåäóåò, ÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ïîñòîÿííàÿ Cε òàêàÿ,
÷òî
exp
(
∞∑
k=0
|a2k|r2k
)
6 Cε
(
1
1− r
)ε
, 0 6 r < 1.
Îòñþäà è èç ðàâåíñòâà (4) ñëåäóåò, ÷òî
|f ′(−z)| =
∣∣∣∣∣exp
(
2
∞∑
k=0
a2kz
2k
)/
f ′(z)
∣∣∣∣∣ 6 C2ε (1 + r)
3
(1− r)1+2ε . (5)
Çäåñü äëÿ îöåíêè |1/f ′| ìû èñïîëüçîâàëè òîò àêò, ÷òî∣∣∣∣ 1f ′(z)
∣∣∣∣ 6 (1 + r)31− r ,
êîòîðûé î÷åâèäíûì îáðàçîì ñëåäóåò èç òåîðåìû èñêàæåíèÿ.
Òàê êàê f îäíîëèñòíà â êðóãå, âåðíî íåðàâåíñòâî∫∫
|z|<r
|f ′(z)|2 dx dy 6 piM2,
ãäå M = max
|z|<r
|f |.
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Âîñïîëüçîâàâøèñü îöåíêîé (5) , ïîëó÷èì
|f(−z)| 6 C2ε
r∫
0
(1 + r)3
(1− r)1+2ε dr 6 8C
2
ε
r∫
0
dr
(1− r)1+2ε =
4C2ε
ε
1
(1− r)2ε ,
çíà÷èò,
M 6
4C2ε
ε
1
(1− r)2ε .
Òàêèì îáðàçîì, ìû ïîëó÷àåì íåðàâåíñòâî∫∫
|z|<r
|f ′(−z)|2 dx dy 6 pi
(1− r)4ε
16C4ε
ε2
. (6)
Äàëåå, ïåðåïèøåì ðàâåíñòâî (4) ñëåäóþùèì îáðàçîì:
∣∣∣∣ 1f ′(−z)f ′(z)
∣∣∣∣ =
∣∣∣∣∣exp
(
−2
∞∑
k=0
a2kz
2k
)∣∣∣∣∣ 6 C
2
ε
(1− r)2ε ,
îòêóäà
∫∫
|z|<r
dx dy
|f ′(z)|2 6 max|ζ|<r
1
| f ′(−ζ)f ′(ζ) |2
∫∫
|z|<r
|f ′(−z)|2 dx dy 6
6
C4ε
(1− r)4ε
∫∫
|z|<r
|f ′(−z)|2 dx dy. (7)
Äëÿ äàëüíåéøèõ ðàññóæäåíèé íàì ïîòðåáóåòñÿ ðàâåíñòâî Ïàðñåâàëÿ
2pi∫
0
dθ
|f ′(reiθ)|2 = 2pi
∞∑
k=1
|αk|2r2k, (8)
ãäå αk  òåéëîðîâñêèå êîýèöèåíòû óíêöèè
1
f ′(z)
=
∞∑
k=1
αkz
k.
Ïåðåïèøåì ðàâåíñòâî (8) ñëåäóþùèì îáðàçîì:
2pi∫
0
dθ
|f ′(r2eiθ)|2 = 2pi
∞∑
k=1
|αk|2r4k. (9)
Âîñïîëüçîâàâøèñü ðàâåíñòâîì (8), ïîëó÷èì
∫∫
|z|<r
dx dy
|f ′(z)|2 =
r∫
0
r dr
2pi∫
0
dθ
|f ′(reiθ)|2 = 2pi
∞∑
k=1
|αk|2r2k+2
2k + 2
. (10)
Â ñèëó òîãî, ÷òî
(2k + 2)r2k−2 6
e−1
1− r ,
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èìååò ìåñòî íåðàâåíñòâî
∞∑
k=1
|αk|2r4k 6 e
−1
(1 − r)
∞∑
k=1
|αk|2r2k+2
2k + 2
. (11)
Èç (9)(11) âûòåêàåò, ÷òî
2pi∫
0
dθ
|f ′(r2eiθ)|2 6
e−1
1− r
∫∫
|z|<r
dx dy
|f ′(z)|2 . (12)
Â èòîãå èç ñîîòíîøåíèé (6), (7) è (12) ïîëó÷èì ñëåäóþùèé ðåçóëüòàò:
2pi∫
0
dθ
|f ′(r2eiθ)|2 6
C
(1− r)1+8ε ,
ãäå C = 16piC8ε/(eε
2).
Îòñþäà ïðè r2 = ρ ïîëó÷èì
2pi∫
0
dθ
|f ′(ρeiθ)|2 6
C
(1−√ρ)1+8ε 6
C1
(1− ρ)1+8ε ,
ãäå C1 = 2
1+8εC.
Òåîðåìà äîêàçàíà.
àññìîòðèì ðÿä ïðîñòûõ äðîáåé
∞∑
k=1
αk
z − zk , |zk| > 1. (13)
ÿäû âèäà (13) îáëàäàþò âàæíûìè ñâîéñòâàìè. Âîëü [8℄ â 1921 ã. äîêàçàë òåîðåìó
î ðàçëîæåíèè ïðîèçâîëüíîé àíàëèòè÷åñêîé óíêöèè â ðÿä âèäà (13). Ýòà òåîðåìà
áûëà óñèëåíà â ðàáîòàõ Äàíæóà [9℄. Â íàñòîÿùåå âðåìÿ èññëåäîâàíèÿ ïðîñòûõ
äðîáåé àêòèâíî ïðîäîëæàþòñÿ(ñì., â ÷àñòíîñòè, ðàáîòû [10, 11℄).
Èññëåäóåì ýòîò ðÿä íà ñõîäèìîñòü â êðóãå {|z| < 1}. àññìîòðèì êðóã Dr =
= {z : |z| < r}, ãäå r < 1 .
Åñëè |z| < r , òî
∞∑
k=1
∣∣∣∣ αkz − zk
∣∣∣∣ < 11− r
∞∑
k=1
∣∣∣∣αkzk
∣∣∣∣ .
Îòêóäà ñëåäóåò, ÷òî åñëè ñõîäèòñÿ ÷èñëîâîé ðÿä
∞∑
k=1
∣∣∣∣αkzk
∣∣∣∣ , òî ïî ïðèçíàêó Âåéåð-
øòðàññà ðÿä (13) ñõîäèòñÿ â êðóãå |z| < r .
Òîãäà ðÿä (13) ñõîäèòñÿ è ïðèòîì ðàâíîìåðíî ïî ïðèçíàêó ñðàâíåíèÿ Âåéåð-
øòðàññà, âñëåäñòâèå ÷åãî ïî òåîðåìå Âåéåðøòðàññà [7, ñ. 17℄ ýòîò ðÿä ñõîäèòñÿ ê
ãîëîìîðíîé óíêöèè.
Ïóñòü f ∈ S , òîãäà ïî òåîðåìå èñêàæåíèÿ |1/f ′(z)| 6 (1 + r)3/(1− r) . Ïîýòî-
ìó ìîæíî íàäåÿòüñÿ, ÷òî 1/f ′ èìååò ðàçëîæåíèå â ðÿä
∑ αk
z − zk . Â ñëåäóþùåé
òåîðåìå ìû äîêàæåì ñïðàâåäëèâîñòü ãèïîòåçû Áðåííàíà â ÷àñòè ïðåäïîëîæåíèÿ
î òîì, ÷òî äëÿ óíêöèè 1/f ′ ñóùåñòâóåò ðàçëîæåíèå â ðÿä ïðîñòûõ óíêöèè,
êîòîðûé ñõîäèòñÿ â íóëå àáñîëþòíî.
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Òåîðåìà 2. Ïóñòü f  êîíîðìíîå îòîáðàæåíèå åäèíè÷íîãî êðóãà íà îäíî-
ñâÿçíóþ îáëàñòü. Ïðåäïîëîæèì, ÷òî 1/f ′ ïðåäñòàâèìà â âèäå ðÿäà èç ïðîñòûõ
äðîáåé, òî åñòü
1
f ′(z)
=
∞∑
k=1
αk
z − zk . (14)
Åñëè
∞∑
k=1
∣∣∣∣αkzk
∣∣∣∣ 6
√
C
2pi
,
òî ñïðàâåäëèâî íåðàâåíñòâî
2pi∫
0
∣∣∣∣ 1f ′(reiθ)
∣∣∣∣
2
dθ 6
C
1− r2 ,
òî åñòü ñïðàâåäëèâà ãèïîòåçà Áðåííàíà.
Äîêàçàòåëüñòâî. Ïóñòü
ϕN (z) =
N∑
k=1
αk
z − zk .
Äëÿ îöåíêè èíòåãðàëà èç ðàâåíñòâà (2) ïðîèíòåãðèðóåì êâàäðàò ìîäóëÿ ýòîé óíê-
öèè ïî îêðóæíîñòè |z| = r
2pi∫
0
∣∣ϕN (reiθ)∣∣2 dθ =
2pi∫
0
∣∣∣∣∣
N∑
k=1
αk
reiθ − zk
∣∣∣∣∣
2
dθ =
=
N∑
k=1
N∑
j=1
2pi∫
0
(
αk
reiθ − zk
)(
αj
reiθ − zj
)
dθ. (15)
Ïîñëå çàìåíû eiθ = t ïîëó÷èì
N∑
k=1
N∑
j=1
∫
|t|=1
1
i
αk
rt − zk
αj
r − tzj dt = 2pi
N∑
k=1
N∑
j=1
αkαj
zkzj − r2 .
Â ñèëó òîãî, ÷òî
ϕN (re
iθ)→ 1
f ′(reiθ)
ïðè N →∞ ðàâíîìåðíî ïî θ , èìåþò ìåñòî ðàâåíñòâà
2pi∫
0
∣∣∣∣ 1f ′(reiθ)
∣∣∣∣
2
dθ = lim
N→∞
2pi∫
0
∣∣ϕN (reiθ)∣∣2 dθ = 2pi ∞∑
k=1
∞∑
j=1
αkαj
zkzj − r2 .
Ïîýòîìó
2pi∫
0
∣∣∣∣ 1f ′(reiθ)
∣∣∣∣
2
dθ 6 2pi
∞∑
k=1
∞∑
j=1
∣∣∣∣ αkαjzkzj − r2
∣∣∣∣ 6 2pi(1− r2)
∞∑
k=1
∞∑
j=1
∣∣∣∣αkαjzkzj
∣∣∣∣ . (16)
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Èç óñëîâèÿ (14) ñëåäóåò, ÷òî äâîéíîé ðÿä èç íåðàâåíñòâà (16) ñõîäèòñÿ è âåðíî
íåðàâåíñòâî
∞∑
k=1
∞∑
j=1
∣∣∣∣αkαjzkzj
∣∣∣∣ 6 C2pi . (17)
Îöåíêè (16) è (17) äîêàçûâàþò óòâåðæäåíèå òåîðåìû, òàê êàê
2pi∫
0
∣∣∣∣ 1f ′(reiθ)
∣∣∣∣ dθ 6 C1− r2
Òåîðåìà äîêàçàíà.
Â êíèãå [6℄ áûëî äîêàçàíî óòâåðæäåíèå î ïðåäñòàâëåíèè àíàëèòè÷åñêîé â êðóãå
óíêöèè â âèäå ïðåäåëà ïîñëåäîâàòåëüíîñòè ðàöèîíàëüíûõ óíêöèé. Ïîñêîëüêó
f ′ íå èìååò íóëåé â åäèíè÷íîì êðóãå, óíêöèÿ 1/f ′ àíàëèòè÷íà, è, ñëåäîâàòåëü-
íî, ê íåé ïðèìåíèìà òåîðåìà Óîëøà. Â ñëåäóþùåé òåîðåìå ìû äîïîëíèì äàííûé
ðåçóëüòàò.
Òåîðåìà 3 (Î ïðèáëèæåíèè ïðîñòûìè äðîáÿìè). Ïóñòü R < 1 è f 
îäíîëèñòíàÿ â êðóãå D = {z : |z| < 1} óíêöèÿ, òîãäà ñóùåñòâóåò óíêöèÿ gn ,
gn(z) =
n∑
k=1
αk
z − zk ,
òàêàÿ, ÷òî äëÿ z ∈ DR = {z : |z| < R} âåðíî íåðàâåíñòâî∣∣∣∣∣ 1f ′(z) − gn(z)
∣∣∣∣∣ 6 512pin(1−R)3 . (18)
Äîêàçàòåëüñòâî. Ïîëîæèì
r =
2R
1 +R
. (19)
àññìîòðèì èíòåãðàë Êîøè íà ãðàíèöå êðóãà Dr = {z : |z| < r}
1
f ′(z)
=
1
2pii
∫
|t|=r
dt
f ′(t)(t − z) , z ∈ Dr. (20)
Èíòåãðàë (20) ÿâëÿåòñÿ ïðåäåëîì ïðè n→∞ ïîñëåäîâàòåëüíîñòè
gn(z) =
1
2pii
n∑
k=1
tk+1 − tk
f ′(tk)(tk − z) ,
ãäå t1, t2, . . . , tn, tn+1 = t1  ïîñëåäîâàòåëüíûå òî÷êè, ëåæàùèå íà îêðóæíîñòè
∂Dr è âûáðàííûå òàê, ÷òî |tk+1 − tk| → 0 ðàâíîìåðíî ïðè n→∞ .
Ìû ìîæåì çàïèñàòü
gn(z) =
n∑
k=1
1
2pii
tk+1∫
tk
dt
f ′(tk)(tk − z) ,
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1
f ′(z)
− gn(z) = 1
2pii
n∑
k=1
tk+1∫
tk
[
1
f ′(t)(t− z) −
1
f ′(tk)(tk − z)
]
dt. (21)
Äëÿ îöåíêè
∣∣∣ 1
f ′(z)
− gn(z)
∣∣∣ â ðàâåíñòâå (21) âîñïîëüçóåìñÿ íåðàâåíñòâîì
∣∣∣∣ 1f ′(t)(t− z) − 1f ′(tk)(tk − z)
∣∣∣∣ 6
∣∣∣∣ 1tk − z
∣∣∣∣
∣∣∣∣ 1f ′(t) − 1f ′(tk)
∣∣∣∣ +
+
∣∣∣∣ 1f ′(t)
∣∣∣∣ |tk − t||t− z||tk − z| . (22)
Âîñïîëüçóåìñÿ îðìóëîé îöåíêè êîíå÷íûõ ïðèðàùåíèé∣∣∣∣ 1f ′(t) − 1f ′(tk)
∣∣∣∣ 6 max
ζ∈[tk,t]
∣∣∣∣∣
(
1
f ′(ζ)
)′ ∣∣∣∣∣ |tk − t| = maxζ∈[tk,t]
∣∣∣∣ f ′′(ζ)f ′2(ζ)
∣∣∣∣ |tk − t|.
Èçâåñòíî [7, ñ. 53℄, ÷òî ∣∣∣∣z f ′′(z)f ′(z)
∣∣∣∣ 6 61− r2 ,
ñëåäîâàòåëüíî, ∣∣∣∣ f ′′(ζ)f ′2(ζ)
∣∣∣∣ 6 6(1 + r)2(1− r)2 6 24(1− r)2 .
Âîñïîëüçóåìñÿ ñëåäóþùèìè î÷åâèäíûìè íåðàâåíñòâàìè:∣∣∣∣ 1tk − z
∣∣∣∣ 6 1||tk| − |z|| 6
1
r − |z| ,∣∣∣∣ 1t− z
∣∣∣∣ 6 1||t| − |z|| 6 1r − |z| ,
|tk − t| 6 2pir
n
.
Ó÷èòûâàÿ âûøåèçëîæåííîå, ïîëó÷èì îöåíêó ïîäûíòåãðàëüíîãî âûðàæåíèÿ ðà-
âåíñòâà (21) íà äóãå t ∈ [tk, tk+1] :∣∣∣∣ 1f ′(t)(t − z) − 1f ′(tk)(tk − z)
∣∣∣∣ 6 16pirn(r − |z|)(1− r)
(
1
r − |z| +
3
1− r
)
,
ñëåäîâàòåëüíî, íà Γr èìååò ìåñòî íåðàâåíñòâî
|f(z)− gn(z)| 6 16pir
2
n(r − |z|)(1− r)
(
1
r − |z| +
3
1− r
)
. (23)
Â ñèëó ïîñëåäíåãî íåðàâåíñòâà â êðóãå DR âåðíî íåðàâåíñòâî∣∣∣∣ 1f ′(z) − gn(z)
∣∣∣∣ 6 512pin(1−R)3 .
àáîòà âûïîëíåíà ïðè èíàíñîâîé ïîääåðæêå îññèéñêîãî îíäà óíäàìåí-
òàëüíûõ èññëåäîâàíèé (ïðîåêò  12-01-97013).
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Summary
F.D. Kayumov. Integral Estimates for the Derivatives of Univalent Funtions.
In this paper we prove Brennans's onjeture for the onformal mapping of the unit irle
on the assumption that even the Taylor oeients of the funtion ln f ′ satises a ertain
ondition. We also prove Brennan's onjeture for the ase when there is an expansion of the
funtion 1/f ′ into a series of simple frations, provided that this series onverges absolutely to
zero. In addition, we obtain an estimate for the approximation of the funtion 1/f ′ by simple
frations.
Keywords: Brennan's onjeture, approximation by simple frations.
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